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Let K be a field of characteristic zero, x = xi, . . . . x, several variables, and 
K[[x]] the ring of formal power series in x,, . . . . x, over K. We call 
.f‘ E K[ [x] ] D-finite (or d’ff 1 erentiably finite) if the set of all derivatives 
(i3/ax, )‘I . (a/a~,,)‘~f ( ij E N) lie in a finite-dimensional vector space over 
K(x), the field of rational functions in x, , . . . . x,. This is equivalent o saying 
that f satisfies a system of linear partial differential equations of the form 
{dab (&J ( “.>” ’ + Qbl, I(X) ar + ... +a,,(~) f=O, } i= 1, . . . . n, (1) 
where the a,-(x) E K[x]. We shall also write these equations as A,(x,, . . . . x,,; 
a/axi) f = 0, i = 1, . . . . n. The theory of D-finite power series in one variable 
is worked out in [9]. We callfe K[[x]] rational iffE K(x) and algebraic 
if it is algebraic over K(x). If f = C a,, ...i,~‘/ . . .x$ we define the primitiue 
diagonal Z,,(S) = C ajlili,. in x;‘x$ . . I x2. The other primitive diagonals I, 
(for i < j) are defined similarly. By a diagonal we mean any composition of 
the I,, and by the complete diagonal (or just the diagonal) off we mean 
z,,z,, ‘~.Z,-*,(.f)=Caii . . . . x;. 
In this paper we will show (Theorem 1) than any diagonal of a D-finite 
power series is again D-finite. In [6] it is shown that the diagonal of a 
rational power series in two variables is algebraic and that in the case that 
K has characteristic p #O any diagonal of a rational power series in any 
number of variables is algebraic. (In characteristic 0 the diagonal of a 
rational power series in three variables need not be algebraic.) In [2, 31 it 
is shown, in the case that K has characteristic p z 0, that the diagonal of an 
algebraic power series in any number of variables is algebraic and that if 
,f~ Zp[ [Ix]] is algebraic (Z, the p-adic integers) then any diagonal off is 
algebraic mod p’ (for all s). In [7, lo] it is claimed that the diagonal of a 
rational function in any number of variables is D-finite, but the proofs con- 
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tain gaps which do not seem easy to till. Doron Zeilberger has informed me 
that he is able to prove that the diagonal of a rational function is D-finite 
using Bernstein theory. We shall use a clever counting argument introduced 
in [7, lo] in Lemma 3 below. In [l] it is shown that the complete 
diagonals of a restricted class of rational power series are D-finite. The 
restriction can be avoided by the use of Dwork’s paper [4]-see also [S]. 
Deligne has also pointed out (see the footnote on p. 5 of [l]) that the 
D-finiteness of the diagonals of rational power series can be deduced via 
resolution of singularities from the finiteness of cohomology for the com- 
plement of a hypersurface. While our proof below is elementary and more 
general, these methods give more information about the differential 
equations satisfied by the diagonals of rational power series. 
LetfEK[[xr, . . . . x,,]] satisfy Eq. (1 ), and let s be a new variable. Define 
F(s, XI 3 x3, ..., 
1 
x,,)=-f 
( 
s,x’, x3, . ..) x,, 
> 
. 
s s 
F is not a formal power series in S, x, , x3, . . . . x,, but is an element of the 
KC.6 XI, x3, ..., x,]-module M of all 
G= 1 afiz.. i,sJ.u;‘xS xi 
JtZ 
r2,...,i, E N 
I+i2> k 
for some k E N, depending on G. Let 9 be the ring of all linear partial dif- 
ferential operators in a/as, a/ax,, a/ax,, . . . . a/ax, with coefficients from 
K[s, x,, x3, . . . . x,,]. Then M is a %module in the natural way. Notice that 
the coefficient of l/s in F is just Z,#). Later we shall need 
LEMMA 1. If 0 # p E K[s, x,, x3, . . . . x,] and GE A4 satisfy pG = 0 then 
G = 0. 
Proof: For suitable k, skG E K[ [s, x1/s, x3, . . . . x,,]]. Make the sub- 
stitution x, =su, 24 a new variable, to get 0= p(s, ~24, x3, . . . . x,) 
skG(s, a, x3, . . . . x,) E KC Cs, a, ~3, .,,, x,]]. The conclusion now follows from 
the observations that multiplication by s, and the substitution x1 =su, are 
both one-to-one. 
LEMMA 2. F is D-finite (in the variables s, x1, x3, . . . . x,). 
Proof: This is immediate from the fact that f is D-finite, by the chain 
rule. 
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Hence there are nonzero linear partial differential operators, with 
polynomial coefficients, 
m 
A s, x,, . . . . xn;-g 
> 
= L(s, x1, x3, . . . . x,) 
0 
g 
a 
+ lower-order terms in as 
and 
i 
a m, 
B, s, xl> . . . . xniz, = Li(s, x1 7 x3, ...> xn) 
+ lower-order terms in &, 
for i= 1, 3, . . . . n such that 
AF=O 
B,F=O for i= 1, 3, . . . . n. 
(2) 
LEMMA 3. There are nonzero linear partial differential operators 
m,, x3, . . . . x,; a/as, aiax,), f or i= 1, 3, . . . . n, with coefficients from 
K[x,, x3, . . . . xn], Pi containing only derivatives of the form (a/as)s (a/ax,)’ 
such that 
a a 
Pi x,, x3, . . . . x,;--,-- as axi > 
F=O for i= 1, 3, . . . . n. 
Proof: Without loss of generality we may assume that A and the B, in 
(2) above all have the same leading coeffkient, i.e., that Li = L for 
i= 1, 3, . ..) n. Let all the coeffkients in A and the Bi have total degrees 6 d. 
Let D = (a/a.~)p (a/ax,)Y. If j? 2 m we have 
LDF=x P,D,F, 
where the sum on the right-hand side is over Dd = (a/as)“l (a/ax,)62 with 
6, <p and 6, <y and the P, are polynomials in s, x1, x3, . . . . x, of total 
degree d d. We obtain this by applying (a/&)flPm (a/ax,)? to AF= 0. The 
similar statement holds if y 3 m, , but then we must use B, F=O and the 
sum is over 6, <b and 6, <y. 
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Iterating the above we see that if /I + y Q N then 
where now the sum is over all D, = (a/~%)“~ (a/~Yx,)~~ with 6, cm and 
6, cm, and the polynomials P, have total degrees d Nd. 
Now let 
where C cli + /I + y < N. Then 
LNDF= c P,D,F, (4) 
where the sum is over all D, = (c?/c%)~~ (c?/c~x,)~~ with 6, cm, 6, cm, and 
the total degrees of the P, are all < N(d+ 1). The number of monomials in 
$3 -Xl, x3, ..., x, of degree d N(d + 1) is (“(“+,‘lT * + l ). Hence the vector 
space of all such P, Ds has dimension mm 1 ( N(d +,,lfT n + ’ ) < cl N” + ’ for some 
fixed c, and all N> 1. On the other hand, the number of D’s of the type (3) 
above is ( Nnf;:2), which is >c~N”+~ for some c2 > 0. Hence for N large 
enough there are arxlorj.. .InBY E K, not all zero, such that 
LN c a,, x,BIx;lx;3 . . . x; 
?I+ ... +cin+~+yCN 
(3” ($>; F=O. 
Let 
P, =Ca 9,. .u”pyx;‘x;3 . . x; 
(ii)” (ZJ 
Then we have LNPl F= 0 and hence, by Lemma 1, that P, F= 0. The 
P 31 ..., P,, are found in a similar way, using d/ax, and Bi = 0 in place of 
a/ax, and B, = 0. This completes the proof of Lemma 3. 
Now let the P, be as in Lemma 3 and let P, = Cf;,, P,(x,, x3, . . . . x,; 
8/8x,)(a/8s)i with P,,, f 0. Notice that the coefficient of l/P+’ in P,F is 
( - 1 )“I cri! P,,,Z,,(f). Hence Zlz(f) satisfies the equations 
pim, ( xI 9 x37 ...3 xn; & ,> Z,,(f) = 0 
for i= 1, 3, . . . . n, 
i.e., Z,2(f) is D-finite. 
Iterating we have 
THEOREM 1. Zff~ K[ [x,, . . . . xn]] is D-finite, and Z is any diagonal, then 
Z(f) is D-finite. 
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Remarks. (1) In the case that f is convergent for Ix, 1 < a for all i, F is 
analytic for 0 < IsI < a, Ix1 1 < IsI a, and IxiJ < a for i = 3, . . . . n, and we can 
avoid the use of module A4 and Lemma 1 is trivial. 
(2) If f=C a,,~“, g=x b,x’, v a multi-index, then the Hadamard 
product f * g=Ca,b,x’. Since f * g=II,+,Zzn+2 ...l,,z,,f(x,, . . . . x,) 
dx n + , , . . . . x1,,), it follows from Theorem 1 that if f and g are D-finite then 
so is f * g. (If f is just differentially algebraic and g is D-finite it doesn’t 
follow that f * g is differentially algebraic-see Proposition 6.3 of [8].) 
(3) Instead of iterating the argument given for Theorem 1 one can do 
several steps at once. For example, if f(xl, x2, x3) is D-finite and one wants 
to show that the complete diagonal Z(f) is D-finite, one can consider 
F(s, t, x1) = (l/st) f(s, t/s, x,/t) and use the argument in Lemma 3 to show 
that F satisfies an equation of the form 
p x .d 2 ?i 
1’ as’ at’ ax, 
F=O 
3 P & 0. 
If P = Pzg(x, ; a/ax,)(a/as)z (a/at)p + higher-order terms in a/& or d/at 
with P,, $ 0 then by considering the coefficient of ( l/s’+‘)(l/tBf ‘) we get 
that P&x, ; a/ax,) Z(f) = 0. This will give us smaller bounds for the order 
and degree of the equation satisfied by Z(f) than those obtained by 
iterating. 
(4) Iff(x)=C, ,,,_,, nkaO f(n,, . . . . nk)x;l ...x”,k is D-finite and CgNk is 
defined by a finite set of inequalities of the form x ain, + b 2 0, where the 
a,, b E Z, then 
h(x)= c f(n,,...,n,)x;‘...x; 
n,,...,nk 2 0 ‘ 
is also D-finite. To see this consider the case that C is defined by just one 
inequality xi=, tlini + a, > x:=,+, pini, where the IX,, fii EN. Let 
1 
b(x, s, t) = a(s, t) 5 -. 
j-1 l -xi 
Then 
g(x)=(g*b)(.x, 1, l)= c x;‘...x; 
n, 2 0 
and h(x) = f(x) * g(x). Iterating we get the result for general C. 
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(5) If f(x), C are as above and the mi(n,, . . . . nk) =c,“=, apj +bi, 
where the au, b, are nonnegative elements of Q, then 
is also D-finite. Let y,(x) = x’;” . . x?k and notice that I(x)= 
XI *I . . .xkyz(y,, . ..) yk), where h is as above. 
(6) Remark (5) gives a positive answer to question 4(e) of [9]. For 
example, if the sequencesfi(n), i = 1, 2, 3, are p-recursive (i.e., the C fi(n)x” 
are D-finite) thenf(x, y, z) = Ci,j,kZO fi(i) f,(j) f3(k) xiyizk is D-finite. Let 
C be defined by i + 2 j = k (i.e., i + 2 j > k and k 2 i + 2 j). Then 
F(x) = 1 fIti) f2(j) .fAk) x(~+~)” 
r,j,k>O 
i+2j=k 
is D-finite (taking m,(i, j, k) = (i + k)/2 and m2 = m3 = 0). But F(x) = 
C,,.oCZ=ofi(n-k)fi(k)f,(n+k)x”. 
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